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Abstract In this paper, we study a minimum connected dominating set problem
(CDS) in wireless networks, which selects a minimum CDS with property that all
intermediate nodes inside every pairwise shortest path should be included. Such a
minimum CDS (we name this problem as SPCDS) is an important tache of some other
algorithms for constructing a minimum CDS. We prove that finding such a minimum
SPCDS can be achieved in polynomial time and design an exact algorithm with time
complexity O(δ2n), where δ is the maximum node degree in communication graph.
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1 Introduction

In wireless networks, it is very difficult to realize routing on-demand or table-driven
routing [1], since the topology is changing from time to time and the energy of each
node is very limited. Motivated by the physical backbone in wired networks, a con-
nected dominating set (CDS) is imposed as a virtual backbone [2] on wireless net-
works, which can make routing in wireless networks more efficient and practical. We
can shrink the searching space for routing problem from the whole network to a CDS to
reduce routing time and routing table size. Besides routing protocols, CDS can also be
used in coverage problem [3], broadcasting [4] and many other network applications.
Due to so many benefits, CDS has attracted much attention in recent years.

CDS is a subset of nodes in networks and it divides node set into two parts. Nodes
inside CDS form a connected sub-network, which is in charge for routing process.
Every node outside CDS should have at least one adjacent node in this CDS. Thus,
node outside CDS will always acquire routing path through this neighbor wherever its
destination is. The performance of a CDS for coverage, routing, and broadcasting, etc.
depends on the size of this CDS. The smaller the size is, the less the routing time will
be, and the smaller the routing table size is. Thus much work is devoted to reducing the
size of CDS. However, computing a minimum CDS is NP-hard [5], and approximation
algorithm is proposed in [5–7].

On one hand, Wu et al. [6] proposed a simple but efficient algorithm for construct-
ing a CDS. Wu’s algorithm consists of two steps. Firstly, a CDS was constructed to
include all intermediate nodes of all pairwise shortest paths in a network. Next, prun-
ing some nodes in the CDS constructed in the first step to reduce the size of CDS. Wu’s
algorithm was designed in a distributed way by local information. On the other hand,
time complexity, message complexity, and size of CDS were reduced dramatically
compared to other algorithms.

However, in [6], they did not check whether we can find a minimum SPCDS in
polynomial time or not. In fact, constructing a minimum SPCDS is an important and
indispensable step in Wu’s algorithm—the first step. In this paper, we will prove that
such a minimum SPCDS can be found in polynomial time which means we can find
a minimum CDS including all intermediate node of all pairwise shortest paths in a
network in polynomial time. Since the problem of minimum SPCDS is solvable in
polynomial time, we will introduce two algorithms to construct a minimum SPCDS
in polynomial time.

On the other hand, in routing protocols, a shortest path [1] is the first choice for
communications between two nodes, because it involves fewest number of nodes in
routing path. However, in previous CDS related work, researchers only focused on
finding a minimum size CDS. They did not consider the property for routing. Their
selected CDS may increase routing cost heavily. For example, in Fig. 1, node A, B, I
and G are chosen as a minimum CDS. The original shortest path between D and F
is of length 2 ({D, E, F}) in the network, but the path between D and F through
CDS will increase to 5 ({D, A, B, I, G, F}). Correspondingly, message transmission
failure, energy consumption, interference and delay time will increase.

Mohammed et al. [8] pointed out that in wireless networks, the probability of
message transmission failure often increases when a message is sent through a longer
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Fig. 1 An example CDS set

Fig. 2 An example of a
minimum SPCDS set in
complete graph

path. They mentioned a concept of diameter, which represents the length of the longest
shortest paths between a pair of nodes in a given connected network. According to this
concept, work has been done to deal with how to select a minimum CDS with smallest
diameter of sub-network induced by CDS [9]. Later, Kim et al. [10] proposed the
concept of average backbone path length (ABPL), which is the average length of the
shortest path between any two nodes in CDS. ABPL is proposed because the authors
argue that diameter only considers the worst case of the network, but improving the
worst case may not improve the overall performance.

However, such a virtual backbone even considering diameter or ABPL, may increase
length of path between some pairs of nodes. Thus unfortunately, packets will be deliv-
ered on a longer path through CDS. In addition, from the aspect of fault-tolerance
issue, more than one shortest path should be included in a virtual backbone for robust-
ness and efficiency. In our paper, similar to [6], we consider a problem named shortest
path connected dominating set (SPCDS), which is a minimum node set including all
intermediate nodes in every path between any two nodes in the network. Due to this
constraint, the length of path between any two nodes will not be increased even if
the path is constructed through SPCDS. According to the definition of SPCDS, in
Fig 1, A, B, I, G, F, E , and D will be chosen as a SPCDS, since all of them are the
intermediate nodes on the shortest path between other two nodes in the network. The
path between D and F through SPCDS will be of length 2 ({D, E, F}). Since nodes
in wireless networks are easy to fail, including all intermediate nodes of all shortest
paths in SPCDS is to increase fault tolerance ability of SPCDS. All in all, we sacrifice
the size of CDS to improve the network’s performance.

Note that, in this paper, we study how to construct a minimum SPCDS in a network
which cannot be modeled as a complete graph. However, it does not mean SPCDS has
no solution in a complete graph because any single node can be selected as a minimum
SPCDS. In Fig. 2, every pair of nodes can communication directly. Thus, any single
node is an optimal solution to SPCDS problem.

The rest of the paper will be organized as follows: In Sect. 2, we will introduce
the related work on CDS. In Sect. 3, we will introduce the model we use in this paper
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and define the problem of SPCDS in details. In Sect. 4, we will prove that a minimum
SPCDS can be constructed in polynomial time and present our 2-hop neighborhood
information based algorithm. Finally, the paper is concluded in Sect. 5.

2 Related work

The research work on selecting a minimum CDS has never been interrupted because
of its dramatic contributions to wireless networks. It has been proved that selection of
a minimum CDS in a general graph is an NP-hard problem [11] and it is even an NP-
hard problem in unit disk graph (UDG) [12]. Thus, many approximation algorithms
have been proposed to construct a CDS with a better approximation ratio.

We will introduce constructions of CDS from two aspects—centralized construc-
tions and distributed constructions.

We first introduce some centralized algorithms for selecting minimum CDS. We
can category centralized CDS algorithms into two types—one is 1-stage and the other
is 2-stage. In 2-stage algorithms, the first step is to select a minimum dominating set
(DS) and the second step is to construct a minimum CDS using the technique of Steiner
Tree [13]. DS is a subset of nodes in original network, where nodes outside DS have
at least one adjacent node inside DS. Different from CDS, subnetwork induced by
DS may be disconnected. In contrast, 1-stage algorithms aim to select a CDS directly,
skipping the step of finding a DS. In [14], two centralized greedy algorithms were pro-
posed. The first algorithm is 1-stage strategy with approximation ratio of 2H(δ)+ 2
where δ is the maximum node degree in the network and H is harmonic function. The
second strategy proposed in [14] is a 2-stage strategy and yields a approximation ratio
of H(δ) + 2. Later, based on the main idea of [14], Ruan et al. [15] made a modifi-
cation of the selection standard of DS. Therefore, 2-stage is reduced to 1-stage, with
approximation ratio of 3 + ln(δ). Recently, Min et al. [16] applied maximum inde-
pendent set (MIS) to the selection of minimum DS because MIS is also a minimum
DS in undirectional graph. Min et al. [16] used an approximation algorithm proposed
by [5] for selecting MIS to obtain a minimum DS with size of 3.8|O PT | + 1.2 and
Steiner Tree with minimum number of Steiner nodes (ST-MSN) [17], was used in the
second stage. In [16], Min et al. extended the 3-approximation algorithm in Euclidean
plane [17] to a unit-disk graph while keeping the approximation ratio the same. This
extended algorithm was applied to construct a Steiner Tree in which terminal points
are nodes selected from the first stage. As a result, Min achieved an algorithm for
selecting a minimum CDS with size of 6.8|O PT | at most.

Due to the inefficiency of centralized algorithms in computation, distributed algo-
rithms are much more attractive than centralized ones. Motivated by [18], we can
divide unweighted CDS into three categories. The first one is greedy CDS construc-
tion. Das et al. [19] implemented the two centralized algorithms in [14] in a distributed
way. They approximated a minimal CDS C∗ with a performance ratio of 2H(δ)+1 in
O((n + |C∗|)δ) time, using O(n|C∗| +m + n log n) messages, where m is the cardi-
nality of the edge set. The second one is DS based CDS construction. Most algorithms
in this type are divided into two phases. The first phase is to construct a DS using the
technique of MIS. And add more nodes to make DS be a CDS in the second phase

123



An exact algorithm for minimum CDS 301

using the technique of Steiner Tree. Butenko et al. [20] proposed a Leader algorithm to
achieve an approximation ratio of 8|O PT |+1 same as that in [21] with time complex-
ity of O(n) and message complexity of O(n log n). The last type should be pruning
based CDS construction. The main idea of this type is that a CDS is constructed firstly
with many more redundant nodes. Then prune the redundant nodes from selected CDS
to construct a minimum CDS. A typical algorithm of this type is that proposed in [6].
They achieved an approximation of O(n) with time complexity of O(δ3).

In addition, CDS has many applications in wireless networks. It can be used in
routing [22], broadcasting [4], and topology control [23].

3 Problem statement

In this section, we first introduce the mathematical model used in this paper. Based on
the model, we will show what our special SPCDS is.

3.1 System model

We model a wireless network as a connected unit disk graph (UDG) G = (V, E) in
which V represents the node set and E represents the edge set. There exists an edge
between two nodes if and only if both of them are in the transmission range of each
other. In an UDG, every node has the same communication range. We use the concept
of hop distance (not Euclidean distance) to evaluate the length of each path in this
paper. Given a node subset D ⊆ V, D is said to be connected if it induces a connected
subgraph G[D] from G.

In G, distance between u and v is the number of hops on the shortest path between
them, denoted as H(u, v).

3.2 Problem definition

Let p(u, v) = {u, w1, w2, . . . , wk, v} be one shortest path between u and v in V ,
and all nodes on p(u, v) except u, v are called intermediate nodes. Every node pair
may have more than one shortest paths and these shortest paths compose of a shortest
path set P(u, v). For instance, in Fig. 1, the shortest path between B and D can be
p1(B, D) = {B, E, D} or p2(B, D) = {B, A, D}. Therefore, the shortest path set
between node B and C should be PB,D = {p1(B, D), p2(B, D)}.

The SPCDS problem can be formally defined as follows:

Definition 1 (SPCDS) The shortest path connected dominating set problem (SPCDS)
is to find a minimum size node set S ⊆ V such that

1. ∀ u, w ∈ V having H(u, w) ≥ 2,∀ pi (u, w) = {u, v1, . . . , vk, w} ∈ P(u, v),
all intermediate nodes v1, v2, . . . , vk should belong to S.

Lemma 1 If G is not a complete graph and S is a subset of nodes satisfying Defini-
tion 1, then S is a CDS. If G is a complete graph, then every single nodes is a minimum
SPCDS.

123



302 L. Ding et al.

Proof If G is a complete graph, S will be empty according to Definition 1. Then choose
any single node in V and the chosen single node is a minimum SPCDS because, all
other node in V are dominated by the chosen one, the single node is connected and
the chosen node will not violate the definition of SPCDS since there does not exist
any pair of nodes u, v ∈ V having H(u, v) ≥ 2. Therefore, any chosen node should
be a minimum SPCDS.

If G is not a complete graph, S will not be empty.
First, we show that S is a dominating set. For contradiction, suppose S is not a

dominating set. Then there exists a node x not dominated by S. Thus, the shortest path
from x to S, {x, v1, . . . , vk, y}, for some y ∈ C , has H(x, y) ≥ 2. By Definition 1,
all intermediate nodes v1, . . . , vk should belong to S and hence x is dominated by v1.
Contradiction happens, thus S is a dominating set.

Next, we show that S induces a connected subgraph. For contradiction, suppose the
subgraph G[S] induced by S is not connected. Then S can be partitioned into two parts
S
′

and S
′′

such that the shortest path from S
′

to S
′′
, {x, v1, . . . , vk, y} where x ∈ S

′

and y ∈ S
′′

has H(x, y) ≥ 2. However, by Definition 1, v1, . . . , vk must belong to
S, i.e., they either in S

′
or in S

′′
, which implies that S

′
and S

′′
have distance one.

Contradiction happens. Thus, S induces a connected subgraph. �	

4 Theoretical analysis and algorithm

In this section, to solve SPCDS, we define a similar problem named 2-hop shortest
path connected dominating set (2PCDS). Next, we will prove the two problems are
equivalent to each other. Inspired by 2PCDS, we then propose an optimal solution to
SPCDS based on 2-hop neighborhood information.

4.1 Problem reduction

To prove the selection of S is solvable in polynomial time, we first introduce another
problem with definition as follows:

Definition 2 (2PCDS) The 2-hop shortest path connected dominating set problem
(2PCDS) is to find a minimum size node set S ⊆ V such that

1. ∀ u, w ∈ V having H(u, w) = 2,∀ pi (u, w) = {u, v1, . . . , vk, w} ∈ P(u, v),
all intermediate nodes v1, v2, . . . , vk should belong to S.

Now, we prove that SPCDS and 2PCDS are equivalent.

Lemma 2 A dominating set S satisfies Definition 1 if and only if it satisfies
Definition 2.

Proof “⇒”: If S meets Definition 1, then intermediate node of any shortest path of
length 2 should be included in S. It is trivial that S satisfies Definition 2.

“⇐”: Conversely, assume S satisfies Definition 2, we show that S also meets
Definition 1. Consider a shortest path p(u, v) = {u, w1, w2, . . . , wk, v}, every sub-
path of length 2 (such as {u, w1, w2}, {w1, w2, w3}, and {wi−1, wi , wi+1}) among any
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three consecutive nodes on p(u, v) should be a shortest path between the begin node
and the end one. This can be proved by contradiction. Assume there is one subpath
{wi−1, wi , wi+1} on p(u, v) which is not the shortest path between wi−1 and wi+1,
then the shortest path between them must be {wi−1, wi+1}. Then we can get that
p(u, v) is not a shortest path between u, v since we can replace the path {wi−1, wi+1}
of {wi−1, wi , wi+1} on p(u, v) (contradiction happens). Therefore according to Def-
inition 2, every intermediate node wi for path {wi−1, wi , wi+1} should be included in
S. Then every intermediate node in p(u, v) is included in S, resulting Definition 1.

Next, we show how we can get an optimal solution to SPCDS and 2PCDS.

Lemma 3 Let S∗ be an optimal solution holds Definition 1. Then a node w belongs
to S∗ if and only if w has two neighbors u and v; and they are not adjacent.

Proof “⇐”: If such two neighbors u and v exist, then w is on the shortest path
between u and v. Hence, w ∈ S∗. Such node set S∗ meets Definition 2 so that it also
meets Definition 1.

“⇒”: Conversely, we need to prove if w ∈ S∗, then w must be an intermedi-
ate node on a shortest path p(u, v) = {u, w, v}. This means that w must have two
dis-adjacent neighbors u, v. By contradiction, all neighbors for w are adjacent to each
other. Then w can be removed from S∗ without changing its property, which contra-
dicts to the hypothesis that S∗ is optimal.

4.2 Algorithm design

According to Lemma 2, a solution to 2PCDS is also a solution to SPCDS. According
to Lemma 3, if we want to decide whether a node v belongs to the solution to SPCDS,
we only need to check whether it has two dis-adjacent neighbors. Moreover, to deter-
mine this requirement, we only need to check the local neighborhood information for
v. Therefore, we design an algorithm using this idea. Firstly, we represent what 2-hop
information means and how to maintain it. And then we will introduce a solution to
SPCDS, inspired by 2PCDS.

4.2.1 2-Hop neighborhood information maintenance

Each node v sends “Hello” messages to its neighbors. Each “Hello” message is pig-
gybacked with the sender v’s information. By collecting “Hello” messages from its
neighbors for the first time, v obtains information about its 1-hop neighbors set N (v)

(exclude itself). However v has no idea about the relationship among its neighbors. In
the following interval, by exchanging 1-hop neighbor information N (v), 2-hop neigh-
bor information N 2(v) is constructed. Specially, N 2(v) = N (v) ∪ ⋃

u∈N (v) N (u).
According to N 2(v), v can decide whether two nodes u and w in N (v) have a link
(u, w). We use Fig. 3 to illustrate our process. In Fig. 3(e), based on 2-hop neighbor-
hood information N 2(E), a subgraph is obtained.
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Fig. 3 An example network
with 10 nodes. a S∗. b Node I ’s
view. c Node C’s view. d Node
E’s view. e Subgraph induced
from N 2(E)

(a)

(b)

(c)

(d)

(e)

4.2.2 Algorithm

We propose Algorithm 1 based on 2-hop neighborhood information. After collecting
information, nodes will be checked one by one to see whether it has a pair of dis-
adjacent neighbors. If a node has only one 1-hop neighbor, then the node will not be
selected as one member in S∗. In Fig. 3(b), I has only one neighbor H , so it will not
be chosen as a node in S∗. In Fig. 3(c), C has two dis-adjacent neighbors A and B, so
C should be selected into S∗. In Fig. 3(d), E has two neighbor nodes D and F and,
D and F are within each other’s transmission range, so E will not be chosen. The
detailed algorithm can be shown in Algorithm 1.

Algorithm 1 Selection of S∗
Input : a graph G = (V, E)

Output: a subset of V denoted as S∗
1: Each v ∈ V sends “Hello” twice to collect N 2(v).
2: for each v ∈ V do
3: if N (v) 
= ∅ then
4: for each u, w ∈ N (w) do
5: if w /∈ N (u) then S∗ ← S∗⋃{v}; break;
6: end for
7: end if
8: end for

Theorem 1 The solution of Algorithm 1 is optimal for SPCDS.
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Proof According Lemma 3, by Algorithm 1 Line 4 to Line 6, S∗ satisfies Definition 1.
In addition, no node in S∗ can be deleted. Every node in S∗ is selected because it is an
intermediate node in one shortest path, so if one node is deleted from S∗, then there
exist one shortest path not all intermediate nodes on the shortest path will belong to
S∗. As a result, no node can be added or deleted from S∗ which means it is optimal.

�	
Theorem 2 S∗ can be constructed in time O(δ2n), where n is the number of nodes
and δ is the maximum node degree of input graph.

Proof In Algorithm 1, there are two “for” loop. The running time of first “for” (Line 2
to 8) is O(n). And the second running time (Line 4 to 6) is O(δ2). In sum, the total
running time of the two “for” is O(δ2)× O(n) = O(δ2n). �	

5 Conclusion

In this paper, we study SPCDS which is a special case of CDS with shortest path con-
straint. Due to such constraint, transmission failure, routing delay, and energy cost,
etc. will be decreased dramatically because every pairwise path is shortest. Such a
CDS is also robust for fault-tolerance. It is well known that finding a minimum CDS is
NP-hard, however, we prove that finding a minimum SPCDS is solvable in polynomial
time. We also provide an exact algorithm with time complexity O(δ2n), where δ is
the maximum node degree of G. In the future work, we may consider reducing the
size of SPCDS to make our virtual backbone more efficient.
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