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Matroid Independent System

Matroid

Independent System

Consider a finite seéband a collectiorC of subsets ofs.

(S C) is called anndependent systeih
AcCB,BeC=AecC.
We say thatC is hereditaryif it satisfies this property.

Each subset if is called anindependent subset

Note that the empty sétis necessarily a member 6f
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An Example

Example: Given an undirected grapd = (V, E), DefineH as:
H = {F C E | F is aHamiltonian circuitor a union ofdisjoint pathg.

Then(E, H) is an independent system.

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



Matroid Independent System

Matroid

An Example

Example: Given an undirected grapd = (V, E), DefineH as:
H = {F C E | F is aHamiltonian circuitor a union ofdisjoint pathg.

Then(E, H) is an independent system.

Proof: (Hereditary
Given anyF € H andP C F.

SinceF is either a Hamiltonian circuit or a union of disjoint pakh,
must be a union of disjoint paths, which obviously belongklto O
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Matroid

An independent systeit, C) is amatroidif it satisfies the
exchange property

A,Be Cand|A| > |B| = 3 x € A\BsuchthaBU {x} € C.
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Matroid Independent System
Matroid

Matroid

An independent systeit, C) is amatroidif it satisfies the
exchange property

A,Be Cand|A| > |B| = 3 x € A\BsuchthaBU {x} € C.

Thus a matroid should satisfy two requiremerttereditary and
exchange property.
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Matric Matroid

Matric Matroid: Consider a matris. Let Sbe the set of row
vectors ofM andC the collection of all linearly independent subsets
of S Then(S, C) is a matroid.
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Matric Matroid

Matric Matroid: Consider a matris. Let Sbe the set of row
vectors ofM andC the collection of all linearly independent subsets
of S Then(S, C) is a matroid.

Pr oof:

o Hereditary If A C BandB € C, meaningB is a linearly
independent subset of row vectorshf thenA must be linearly
independent.
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Matroid

Matric Matroid

Matric Matroid: Consider a matris. Let Sbe the set of row
vectors ofM andC the collection of all linearly independent subsets
of S Then(S, C) is a matroid.

Pr oof:

o Hereditary If A C BandB € C, meaningB is a linearly
independent subset of row vectorshf thenA must be linearly
independent.

o Exchange PropertyThe exchange property is a well known fact
for linearly independenceSay, IfA, B are sets of linearly
independent rows dl, and|A| < |BJ, then dim spafA) < dim
spar{B). Choose a row in B that is not contained in spéah).
ThenAuU {x} is a linearly independent subset of rows\df O
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Graphic Matroid

Graphic Matroid Mg: Consider a (undirected) graggh= (V, E).
Let S= E andC the collection of all edge sets each of which induces
an acyclic subgraph @&. ThenMg = (S C) is a matroid.
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Graphic Matroid

Graphic Matroid Mg: Consider a (undirected) graggh= (V, E).
Let S= E andC the collection of all edge sets each of which induces
an acyclic subgraph @&. ThenMg = (S C) is a matroid.

Proof:

o Hereditary If Bis an edge set which induces an acyclic subgraph
of G, obviously anyA C B induces an acyclic subgraph.
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Graphic Matroid

Graphic Matroid Mg: Consider a (undirected) graggh= (V, E).
Let S= E andC the collection of all edge sets each of which induces
an acyclic subgraph @&. ThenMg = (S C) is a matroid.

Proof:
o Hereditary If Bis an edge set which induces an acyclic subgraph
of G, obviously anyA C B induces an acyclic subgraph.
@ Exchange PropertyconsiderA, B € C with |A| > |B.

Note that(V, A) has|V| — |A| connected components afid, B)
has|V| — |B| connected components.

Hence A has an edge connecting two connected components of
(V,B), which impliesBU {e} € C. 0

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



Matroid Independent System

Matroid

More Examples

Uniform matroid U n: A subsetX C {1,2,--- ,n} is independent if
and only if|X| < k.

Cographic matroid M§: Let G = (V, E) be an arbitrary undirected
graph. A subsett C E is independent if the complementary subgraph
(V,E\l) of Gis connected.

Matching matroid: Let G = (V, E) be an arbitrary undirected graph.
A subsetl C V is independent if there is a matching@that coverd.

Digoint path matroid: LetG = (V, E) be an arbitrary directed
graph, and les be a fixed vertex o6G. A subset C V is independent
if and only if there are edge-disjoint paths frato each vertex in.
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Matroid

Independent System
Matroid

Notation

The word “matroid” is due téiassler Whitnel,
who first studied matric matroid (1935).

Actually the greedy algorithm first appeared ir
the combinatorial optimization literature Byck
Edmond# (1971).

4 '.7
An extension of matroid theory toreedoid the- o Whi
ory was pioneered byorte and Lovasz who H?igoe;.\i\g;gr;ey

greatly generalize the theory (1981-1984). Wolf Prize (1983)

[1] Hassler Whitney. On the abstract properties of linegrethelenceAmerican
Journal of Mathematigs67:509-533, 1935.

[2] Jack Edmonds. Matroids and the greedy algoritathematical Programming
1:126-136, 1971.
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Extension

An elementix is called arextensiorof an independent subseif x ¢ |
andl U {x} is independent.

An independent subsetiisaximalif it has no extension.

For any subsedf C S an independent subdet F is maximal inF if
I has no extension iR.
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Maximal Independent Subset

Consider an independent systé®C). ForF C S define

c
—~

N
~—

Il

min{|l| | | is a maximal independent subsetFof

=
=

N~—
I

max{|l| | | is an independent subset®f
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An Example: Maximal Independent Vertex Set

Independent Vertex Set: Given a graptG = (V, E), an independent
vertex set is a subsetC V such that any two vertices inare not
directly connected.
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An Example: Maximal Independent Vertex Set

Independent Vertex Set: Given a graptG = (V, E), an independent
vertex set is a subsetC V such that any two vertices inare not
directly connected.

(V,1) is an independent system, whers the collection of all
independent vertex sets.
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An Example: Maximal Independent Vertex Set

Independent Vertex Set: Given a graptG = (V, E), an independent
vertex set is a subsetC V such that any two vertices inare not
directly connected.

(V,1) is an independent system, whers the collection of all
independent vertex sets.

I is maximal if Yv € V\I, | U {v} is not an independent vertex set any
more.(u(V) is the cardinality value of such drwith minimum
cardinality.)
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An Example: Maximal Independent Vertex Set

Independent Vertex Set: Given a graptG = (V, E), an independent
vertex set is a subsetC V such that any two vertices inare not
directly connected.

(V,1) is an independent system, whers the collection of all
independent vertex sets.

I is maximal if Yv € V\I, | U {v} is not an independent vertex set any
more.(u(V) is the cardinality value of such drwith minimum
cardinality.)

I is maximum if it is with the largest cardinality among all maximal
independent vertex sefv(V) is the cardinality value of any maximum
independent vertex sef)
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An Independent Vertex Set Instance
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Greedy Algorithm on Matroid

uVv)=2
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Matroid Theorem

Theorem: An independent systeif§, C) is a matroid if and only if
foranyF C S u(F) = v(F).
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Matroid Theorem

Theorem: An independent systeif§, C) is a matroid if and only if
foranyF C S u(F) = v(F).

Proof: (=) For two maximal independent subsatandB, if
|A| > |B|, then there must exist anc A such thaB U {x} € C,
contradicting the maximality dB.
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Matroid Theorem

Theorem: An independent systeif§, C) is a matroid if and only if
foranyF C S u(F) = v(F).

Proof: (=) For two maximal independent subsatandB, if
|A| > |B|, then there must exist anc A such thaB U {x} € C,
contradicting the maximality dB.

(<) Consider two independent subsgtandB with |A| > |B|. Set

F = AU B. Then every maximal independent sublset F has size

[l| > |A| > |B|. Hence B cannot be a maximal independent subset of
F, soB has an extension iR. O
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Matroid Theorem

Theorem: An independent systeif§, C) is a matroid if and only if
foranyF C S u(F) = v(F).

Proof: (=) For two maximal independent subsatandB, if
|A| > |B|, then there must exist anc A such thaB U {x} € C,
contradicting the maximality dB.

(<) Consider two independent subsgtandB with |A| > |B|. Set

F = AU B. Then every maximal independent sublset F has size

[l| > |A| > |B|. Hence B cannot be a maximal independent subset of
F, soB has an extension iR. O

Thus the definition of matroid could be either by exchang@erty or
by u(F) = v(F).
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Corollary

Coroallary: All maximal independent subsets in a matroid have the
same size.
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Corollary

Coroallary: All maximal independent subsets in a matroid have the
same size.

Proof: (Contradiction)SupposeA andB are two maximal
independent subsets witA| > |B|, thenB must have an extension in
AU B, which violates its maximality property. O
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Greedy Algorithm on Matroid

In a matroid(S, C), every maximal independent subsetSa$ called a
basis (some reference call iase).
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In a matroid(S, C), every maximal independent subsetSa$ called a
basis (some reference call iase).

Example: In a graphic matroidMg = (S, C), A € Cis a basis if and
only if Ais a spanning tree.
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Weighted Independent System

An independent systeifg, C) with a nonnegative function
c:S— RT is called aveighted independent system

In aweighted matroidthere is a maximum weight independent subset
which is a basis.
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Weighted Independent System

An independent systeifg, C) with a nonnegative function
c:S— RT is called aveighted independent system

In aweighted matroidthere is a maximum weight independent subset
which is a basis.

Note: we can define the associated strictly positive weighttion
c(-) to each element € S Thus the weight function extends to
subsets o by summation:
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Greedy Algorithm for Independent System

We give a common greedy algorithm for any independent system
(S, C) with cost functionc, solving a maximization problem as:
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Greedy Algorithm for Independent System

We give a common greedy algorithm for any independent system
(S, C) with cost functionc, solving a maximization problem as:

maximize  c(l)
subjectto 1 €C
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Greedy Algorithm for Independent System

We give a common greedy algorithm for any independent system
(S, C) with cost functionc, solving a maximization problem as:

maximize  c(l)
subjectto 1 €C

The algorithm is written as:
Algorithm 1. Greedy-MAX
1 Sort all elements iBinto orderingc(xy) > c(x2) > - -+ > ¢(Xn);
2 A0
3 fori=1tondo
4 L if AU{x} € Cthen

5 | A= AU{X};

6 OUtputA,
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Time Complexity

Letn = |§ = number elements i8. Then sorting the elements &f
requiresO(nlogn).

Thefor-loop iteratesn times. In the body of the loop one needs to
check whetheA U {x} is in C. If each check take§n) time, then the
loop takesO(nf(n)) time.

Thus, Greedy-MAX take®(nlogn + nf(n)) time.
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Greedy Theorem for Independent System

Theorem: Consider a weighted independent system.Agbe
obtained by the Greedy Algorithm. L&t be an optimal solution.

Then A E
1< CAY) — max Y(F)

cA) — FESU(F)

wherev(F) is the maximum size of independent subsef iandu(F)
is the minimum size of maximal independent subsdt.in
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DenoteS = {xi,...,X}. (Sorted in nonincreasing order). Then we
prove that§ N Ag is a maximal independent subset$f
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Greedy Algorithm on Matroid

DenoteS = {xi,...,X}. (Sorted in nonincreasing order). Then we
prove that§ N Ag is a maximal independent subset$f

(By Contradiction)If not, there exists an elemertc S§\Ag such that
(S NAg) U {x} is independent.
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Greedy Algorithm on Matroid

DenoteS = {xi,...,X}. (Sorted in nonincreasing order). Then we
prove that§ N Ag is a maximal independent subsetSf

(By Contradiction)If not, there exists an elemertc S§\Ag such that
(S NAg) U {x} is independent.

However, at the beginning of theh |terat|on of the Ioop in the
Greedy-Maxx must be selected mth (SinceA; * U {x} must
be a subset of§ N Ag) U {%}, and hence, is an independent set.)
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DenoteS = {xi,...,X}. (Sorted in nonincreasing order). Then we
prove that§ N Ag is a maximal independent subsetSf

(By Contradiction)If not, there exists an elemertc S§\Ag such that
(S NAg) U {x} is independent.

However, at the beginning of theh |terat|on of the Ioop in the
Greedy-Maxx must be selected mth (SinceA; * U {x} must
be a subset of§ N Ag) U {%}, and hence, is an independent set.)

Therefore we have§ N Ag| > u(S).
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DenoteS = {xi,...,X}. (Sorted in nonincreasing order). Then we
prove that§ N Ag is a maximal independent subsetSf

(By Contradiction)If not, there exists an elemertc S§\Ag such that
(S NAg) U {x} is independent.

However, at the beginning of theh |terat|on of the Ioop in the
Greedy-Maxx must be selected mth (SinceA; * U {x} must
be a subset of§ N Ag) U {%}, and hence, is an independent set.)

Therefore we have§ N Ag| > u(S).

Moreover, since§ N A* is independent, we hay§ N A*| < v(S).
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Proof (2)

Now we expresg(Ag) andc(A*) in terms of|§ N Ag| and|S N A*|.
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Proof (2)

Now we expresg(Ag) andc(A*) in terms of|§ N Ag| and|S N A*|.

1, if x5 €Ag,

Firstly, [S N Ag| — [S-1NAg| = { 0, otherwise
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Proof (2)

Now we expresg(Ag) andc(A*) in terms of|§ N Ag| and|S N A*|.

1, if x5 €Ag,

Firstly, [S N Ag| — [S-1NAg| = { 0, otherwise
Therefore,

c(Ag) = > c(x)
X €AG

— () [S N Agl +,_i2cm> (1S A Al — 1S-11 Ag))

- §|s A Al - (6(%) — Cs1)) + [ 1 A - S
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Proof (2)

Now we expresg(Ag) andc(A*) in terms of|§ N Ag| and|S N A*|.

| 1, if x € As,
Firstly, |S N Ag| — [S-1N As| = { 0 ot;?erw'?;e

Therefore,
c(As) = > c(x)
X €A N
= ¢(x1) S NAc| + choq) (1SN A —[S-1NAg|)
= ZISﬂAGI (c(xi) — c(Xi+1)) + [S N Ag| - c(xn)
Similarly,
n—1
IS VAT (e(Xi) — c(%i+1)) + [S N A"[ - €(%n)
i=1
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Proof (3)

v(F)

Definep = max——. Then we have
FCS

u(F)

n—1
C(AY) = D ISNA-(e(x) — c(Xit1) + [Si N A'[ - c(xn)
i=1

n—1

D VS) - (ex) — c(Xir1)) +V(Sh) - (%)

i=1

IN

IN

n—-1
D p-u(S) - (e(x) — c(Xip1)) + o US) - )
i=1

n—1

< Y p-1SNAgl- (e(%) —c(Xit1)) + - SN Ag| - C(%n)

i=1

= p-c(Ac).
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Proof (4)

Thus,
C(A*) < — maXV_F)
c(Ag) — P FCs u(F)

Note: This theorem implies that if we use Greedy-MAX to find a
subset € C with the maximum weight, the result will not be that bad.

It is bounded by the size of thmaximum size independent subséS
versus theninimum size maximal independent subeks. Say,
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Corollary for Matroid

Corollary: If (S C,c) is a weighted matroid, then Greedy-MAX
algorithm performs the optimal solution.
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Corollary for Matroid

Corollary: If (S C,c) is a weighted matroid, then Greedy-MAX
algorithm performs the optimal solution.

Proof: Since in a matroid for anlf C S, u(F) = v(F), the corollary
can be directly derived from the previous theorem. O
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Minimizing or Maximizing?

LetM = (S C) be a matroid.

The algorithm Greedy-MAX¥, c) returns a selt € C maximizing
the weightc(l).

If we would like to find a set € C with minimal weight, then we can
use Greedy-MAX with weight function

c'(x) =m—c(x), VX €1,

wheremis a real number such that > ma&g,(c(xi).
X<

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



u(F) andv(F)

Greedy Algorithm on Matroid Greedy-MAX Algorithm

An Example: Graphic Matroid

Minimum Spanning Tree: For a connected graph = (V, E) with
edge weight : E — R™, computing the minimum spanning tree.
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An Example: Graphic Matroid

Minimum Spanning Tree: For a connected graph = (V, E) with
edge weight : E — R™, computing the minimum spanning tree.

If we setCmax = rgéaExc(e) and definec*(e) = cmax — c(€), for every
edgee € E, then the MST problem is equivalent to find the maximum
weight independent subset in the graphic matigl
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An Example: Graphic Matroid

Minimum Spanning Tree: For a connected graph = (V, E) with
edge weight : E — R™, computing the minimum spanning tree.

If we setCmax = rgéaExc(e) and definec*(e) = cmax — c(€), for every

edgee € E, then the MST problem is equivalent to find the maximum
weight independent subset in the graphic matigl

This is because every maximum weight independent set iseqa bas
a spanning tree which contains a fixed number of edges.

¢ (A) = (V] — 1)cmax — C(A.

An independent subset that maximizes the quantifA) must
minimizec(A).
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An Example (Cont.)

Thus if we implement Greedy-MAX tMg, we will achieve a
solution exactly the same as tHeuskal Algorithm.
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Greedy Algorithm on Matroid Greedy-MAX Algorithm

An Example (Cont.)

Thus if we implement Greedy-MAX tMg, we will achieve a
solution exactly the same as tHeuskal Algorithm.

We could also use the property of Greedy-MAX on Matroid to
validate the correctness of the Kruskal algorithm.

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



u(F) andv(F)

Greedy Algorithm on Matroid Greedy-MAX Algorithm

More Examples

Matric matroid: Given a matrixM, compute a subset of vectors of
maximum total weight that span the column spac®lof

Uniform matroid: Given a set of weighted objects, computekits
largest elements.

Cographic matroid: Given a graph with weighted edges, compute its
minimum spanning tree.

Matching matroid: Given a graph, determine whether it has a perfect
matching.

Digoint path matroid: Given a directed graph with a special vertex
s, find the largest set of edge-disjoint paths freto other vertices.
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Matroid v.s. Greedy-MAX

Theorem: An independent systeif§ C) is a matroid if and only if
for any cost functiore(-), the Greedy-MAX algorithm gives an
optimal solution.

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



u(F) andv(F)

Greedy Algorithm on Matroid Greedy-MAX Algorithm

Matroid v.s. Greedy-MAX

Theorem: An independent systeif§ C) is a matroid if and only if
for any cost functiore(-), the Greedy-MAX algorithm gives an
optimal solution.

Proof. (=) When(S, C) is a matroidu(F) = v(F) foranyF C S
Therefore, Greedy-MAX gives optimal solution.

Next, we show €).
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Sufficiency

(<) For contradiction, suppose independent systgnt) is not a
matroid. Then there exists C Ssuch thaf has two maximal
independent setsandJ with |I| < |J|. Define

l+e ifecl
c(e) = 1 if ec J\I
0 ifeeS\(1UJ)

wheree is a sufficiently small positive number to satisfyf) < c(J).
Then the Greedy-MAX algorithm will produde which is not
optimal! O
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Outline

© Task Scheduling Problem
@ Unit-Time Task Scheduling
@ Greedy Approach
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Task Scheduling Problem Creedy Approach

Unit-Time Task

A unit-timetask is a job, such as a program to be run on a computer,
that requires exactly one unit of time to complete.
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Task Scheduling Problem Creedy Approach

Unit-Time Task

A unit-timetask is a job, such as a program to be run on a computer,
that requires exactly one unit of time to complete.

Given a finite se§ of unit-time tasks, acheduldor Sis a
permutation ofS specifying the order in which to perform these tasks.
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Task Scheduling Problem Creedy Approach

Unit-Time Task

A unit-timetask is a job, such as a program to be run on a computer,
that requires exactly one unit of time to complete.

Given a finite se§ of unit-time tasks, acheduldor Sis a
permutation ofS specifying the order in which to perform these tasks.

For example, the first task in the schedule begins at time 0 and
finishes at time 1, the second task begins at time 1 and fingHase
2,and soon.
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Unit-time Task Scheduling Problem

The problem ofcheduling unit-time tasks with deadlines and
penalties for a single processor has the following inputs:

@ asetS= {1,2,...,n} of nunit-time tasks;

o a set ofninteger deadlined;, do, . . . , d,, such that eact);
satisfies I< di < nand task is supposed to finish by time;

@ a set ofn nonnegative weights or penaltieg, wo, . .. , Wy, such
that a penalty; is incurred if task is not finished by time;.
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Task Scheduling Problem Creedy Approach

Unit-time Task Scheduling Problem

The problem ofcheduling unit-time tasks with deadlines and
penalties for a single processor has the following inputs:

@ asetS= {1,2,...,n} of nunit-time tasks;

o a set ofninteger deadlined;, do, . . . , d,, such that eact);
satisfies I< di < nand task is supposed to finish by time;

@ a set ofn nonnegative weights or penaltieg, wo, . .. , Wy, such
that a penalty; is incurred if task is not finished by time;.

Requirementfind a schedule fof on a machine within time that
minimizes the total penalty incurred for missed deadline.
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Task Scheduling Problem Creedy Approach

Properties of a Schedule

Given a schedul§, Define:

Early: a task isearlyin Sif it finishes before its deadline.
Late atask idatein Sif it finishes after its deadline.

Early-First Form: Sis in theearly-first formif the early tasks
precede the late tasks.
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Task Scheduling Problem Creedy Approach

Properties of a Schedule

Given a schedul§, Define:

Early: a task isearlyin Sif it finishes before its deadline.
Late atask idatein Sif it finishes after its deadline.

Early-First Form: Sis in theearly-first formif the early tasks
precede the late tasks.

Claim: An arbitrary schedule can always be put ietrly-first form
without changing its penalty value.

| ' deadline of ; I : deadline of a;
' | ' [
| adi| A; || a; | A;
| 1414 | é> | 1414 R
| |

deadline of g; time” deadline of g; time
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Task Scheduling Problem Creedy Approach

Properties of a Schedule (2)

Canonical Form: An arbitrary schedule can always be transformed
into canonical form in which the early tasks precede the late tasks
and are scheduled in order of monotonically increasing ldessd
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Task Scheduling Problem Creedy Approach

Properties of a Schedule (2)

Canonical Form: An arbitrary schedule can always be transformed
into canonical form in which the early tasks precede the late tasks
and are scheduled in order of monotonically increasing ldessd

First put the schedule into early-first form.

Then swap the position of any consecutive early tagksda; if
dj > d; buta appears beforg;.

I deadline of a; I deadline of a;
| 'j | Y
Cl]' a; ] N @ a; a,~ ] .,
I . time | ) time

| deadline of a; | deadline of g;
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Task Scheduling Problem Creedy Approach

An Example

i | | | |
Arbitrary | d5 | dé | dg | d8

Form

ar|Agldrz|As|Ap|Aqg|Ag|Ag|A3

2 1 idp 1y s
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Task Scheduling Problem Creedy Approach

An Example

i | | | |
Arbitrary | d5 | dé | dg | d8

Form

ar|Agldrz|As|Ap|Aqg|Ag|Ag|A3

v

P 1, [ time
2 dy o ydiydy 19
Early-First | | | |
Form 1ds 1 ds dyds
dglAsiAg|Ag|Ar(A7|A]|Ay|A3 -
| | | time

> 1d7 - di \dy 19;

X033533-Algorithm@SJTU Xiaofeng Gao = Greedy Algorithm and Matroid



Unit-Time Task Scheduling

Task Scheduling Problem Creedy Approach

An Example

i | | | |
Arbitrary | d5 | dé | dg | d8

Form

ar|Agldrz|As|Ap|Aqg|Ag|Ag|A3

v

Lo Lo | time
|d2 |d7 |d1 |d4 |d”’

Early-First | | | !

Form | ds | ds | do | ds
dg|ds|ag|Ag|Ar|A7\A1|A4|A3 R
Lo Lo | time
|d2 |d7 |d1 |d4 |(jg

. | | | |

ganomeal 1 ds 1 ds 1 do | ds
orm
ds|dg|Ag|Ag|Ar|A7|A]|Ay|A3 R

time

i 1dr s s s
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Task Scheduling Problem GreedyApproach

Outline

© Task Scheduling Problem
@ Unit-Time Task Scheduling
@ Greedy Approach
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Task Scheduling Problem GreedyApproach

Reduction

The search for an optimal sched@¢hus reduces to finding a satof
tasks that we assign to be early in the optimal schedule.
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Task Scheduling Problem GreedyApproach

Reduction

The search for an optimal sched@¢hus reduces to finding a satof
tasks that we assign to be early in the optimal schedule.

To determineA, we can create the actual schedule by listing the
elements oA in order of monotonically increasing deadlines, then
listing the late tasks (i.eS— A) in any order, producing a canonical
ordering of the optimal schedule.
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Task Scheduling Problem GreedyApproach

Independence

Independent: A set of tasksA is independent if there exists a
schedule for these tasks without penalty.

Clearly, the set of early tasks for a schedule forms an inudgeat set
of tasks. LelC denote the set of all independent sets of tasks.
Fort=0,1,2--- n,let

N;(A) denote the number of tasksAnwhose deadline isor earlier.
Note thatNg(A) = 0 for any setA.
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Task Scheduling Problem

Lemma: For any set of task8, the statements (1)-(3) are equivalent.
(1). The sefAis independent.

(2). Fort=0,1,2,--- ,n,N¢(A) <'t.

(3). If the tasks inA are scheduled in order of monotonically
increasing deadlines, then no task is late.
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Task Scheduling Problem

Lemma: For any set of task8, the statements (1)-(3) are equivalent.
(1). The sefAis independent.

(2). Fort=0,1,2,--- ,n,N¢(A) <'t.

(3). If the tasks inA are scheduled in order of monotonically
increasing deadlines, then no task is late.

Praoof:

—(2) = —(1): if N¢(A) > t for somet, then there is no way to make a
schedule with no late tasks for ggtbecause more thdrtasks must
finish before timd. Therefore, (1) implies (2).

(2) = (3): there is no way to “get stuck” when scheduling the tasks
in order of monotonically increasing deadlines, since if®)lies that
theith largest deadline is at least

(3) = (1): trivial. O
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Greedy Approach

Use the previous lemma, we can easily compute whether or not a
given set of tasks is independent.
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Task Scheduling Problem GreedyApproach

Greedy Approach

Use the previous lemma, we can easily compute whether or not a
given set of tasks is independent.

The problem ofminimizing the sum of the penalties of the late tasks
is the same as the problemmfiximizingthe sum of the penalties of
the early tasks.
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Task Scheduling Problem GreedyApproach

Greedy Approach

Use the previous lemma, we can easily compute whether or not a
given set of tasks is independent.

The problem ofminimizing the sum of the penalties of the late tasks
is the same as the problemmfiximizingthe sum of the penalties of
the early tasks.

Thus if (S C) is a matroid, then we can use Greedy-MAX to find an
independent se&i of tasks with the maximum total penalty, which is
proved to be an optimal solution.
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Matroid Theorem

Theorem: Let Sbe a set of unit-time tasks with deadlines &the
set of all independent tasks 8f Then(S, C) is a matroid.
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Matroid Theorem

Theorem: Let Sbe a set of unit-time tasks with deadlines &the
set of all independent tasks 8f Then(S, C) is a matroid.

Proof: (Hereditary) Trivial.

(Exchange Property)Consider two independent s&sindB with
|A| < |B|. Letk be the largest such thalN;(A) > N¢(B). Thenk < n
andN;(A) < Ni(B) for k+ 1 <t < n. Choose

xe{ieB\A|d =k+1}.

Then, N(AU{x}) =Ni(A) <t, forl<t<k,

and Ni(AU{X}) =Ni(A)+1<N(B)<t, fork+1<t<n.
ThusAU {x} € C. O
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The Algorithm

Implementing Greedy-MAX, for any given set of tasgswe could
sort them by penalties and determine the best selections.
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Task Scheduling Problem GreedyApproach

The Algorithm

Implementing Greedy-MAX, for any given set of tasgswe could
sort them by penalties and determine the best selections.

Time Complexity: O(r?).

Sort the tasks taked(nlogn).

Check whetheA U {x} € C takesO(n).

There are totallyO(n) iterations of independence check.

Thus the finally complexity i©(nlogn 4 n-n) — O(r?).
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An Example

Given an instance of 7 tasks with deadlines and penaltiesllas/t:

a|1l1 2 3 4 5 6 7
d|4 2 4 3 1 4 6
wi | 70 60 50 40 30 20 10
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Task Scheduling Problem GreedyApproach

An Example

Given an instance of 7 tasks with deadlines and penaltiesllas/t:

a|1l1 2 3 4 5 6 7
d|4 2 4 3 1 4 6
wi | 70 60 50 40 30 20 10

Greedy-MAX selectsy, ap, as, a4, then rejectss, ag, and finally
accepts;.

The final schedule i$ay, a4, a1, as, a7, as, as).

The optimal penalty isvs + wg = 50
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