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Universal Functions and Universal Programs

General Remark

There are universal programs that embody all the programs.

A program is universal if upon receiving the Godel number of a
program it simulates the program indexed by the number.
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Universal Functions and Universal Programs

Intuition

Consider the function(x, y) defined as follows
1/1()(7 y) = (bX(y)

In an obvious sensg(x, _) is a universal function for the unary
funcitons

¢07 (bla ¢27 ¢37 EIRIRIRS
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Universal Functions and Universal Programs

Universal Function

Theuniversal functiorfor n-ary computable functions is the
(n+ 1)-ary functiony}” defined by

w&n)(e,xl, %) ~ oV (X, %)

We writey for ¢l(}).
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Universal Functions and Universal Programs

Universal Function

Theuniversal functiorfor n-ary computable functions is the
(n+ 1)-ary functiony}” defined by

w&n)(e,xl, %) ~ oV (X, %)

We writey for ¢l(}).

Question Is /) computable?
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Universal Functions and Universal Programs

The Theorem

Theorem. For eacn, the universal functiorw&”) is computable.
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Universal Functions and Universal Programs

The Theorem

Theorem. For eacn, the universal functiorw&”) is computable.

Proof. Given a numbee, decode the number to get the progrBg
and then simulate the prograrg. If the simulation ever terminates,

then return the number iR;. By Church-Turing Thesisg;f,”) is
computable.

CSC363-Computability Theory@SJTU Xiaofeng Gac  Universal Program 7134



Universal Functions and Universal Programs

Proof in Detail

The states of the computation of the progrBgix) can be described
by aconfigurationand aninstruction number
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Universal Functions and Universal Programs

Proof in Detail

The states of the computation of the progrBgix) can be described
by aconfigurationand aninstruction number

A statecan be coded up by the number
0 = ﬂ-(C)J)’
wherec is the configuration that codes up the current values in the

registers
c=2"32... =[],
i>1

andj is the next instruction number.
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Universal Functions and Universal Programs

Step 1: Three Newn + 2)-ary functions

o Define two new functions, andjp:

cn(e x,t) = the configuration aftetrsteps ofPg(X),
in(e,x,t) = the number of the next instruction aftesteps
of Pe(X) (itis O if Pe(X) stops int or less steps

o If the computation oP¢(x) stops, it does so ipt(j,(e, x,t) = 0)
steps, and the final configurationdg(e, x, ut(j,(e X, t) = 0)).

(&%) = (cale X, utin(e,x,t) = 0)))1

o Letop(e X, t) = w(cn(e X, t),j (& X,1)). If oy is primitive
recursive, ther,, j, are primitive recursive!
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Universal Functions and Universal Programs

Step 2: Computability of,(e, X, t)

The functiono,, can be defined by recursion as follows:

on(ex,0) = w(2432...p 1),

on(eX,t+1) = m(config(e on(e x,t)),next(e on(e x,t))),
New configuration after fKj<s
config(e, 7(c,])) = j" instruction ofP is obeyed
o otherwise
No. of next instruction after ifKj<s
next(e, 7(c, ) = j" instruction ofP¢ is obeyed ort, and it exists

0, otherwise

If config andnext are primitive recursive, then sods!
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Universal Functions and Universal Programs

Step 3. Computability o€onfig andnext

In(e) = the number of instructions iR;
N the code of; in Pe, if1 <j <lIn(e),
an(ej) = { 0, otherwise
ch(c,z) = the resulting configuration when the
configurationc is operated on by the
instruction with code numbex
the numbey’ of the next instruction
) when the configuration is operated if > O,
v(cj.9) =

on by thejth instruction with code,
0, if j=0.
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Universal Functions and Universal Programs

Step 3: Computability o€onfig andnext (2)

We can define the functioconfig(_, ) by

, ch(mi(o),gn(e,m(0))), ifl < m(o) <lIn(e),
config(e, o) = { wl(a)l, i otherwiée

and the functiomext(_, ) by

next(e,0) = {gfmw,wz<a>,gn<emz<a>>>, 11 < (o) < ne)

If In, gn, ch, andv are primitive recursive, then so atenfig and
next!
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Universal Functions and Universal Programs

Step 4. Computability olin, gn, ch, andv

Any numberx € N has a unique expression as
(@)x=> o2, witha; =0o0r1 alli.
i=0
(b)yx=2% 4 2% 4 4+ 2% with0<b; <by<..<band >1.
(C)x =2 4 Qutat+l | gttt tactk-1

Defineq, ¢, b, anda as follows:

a(i,X) = o; as in the expression (a)
() = { ¢asin(b) if x>0,

0 otherwise
b(x) = basin(b) ifx>0and1<i <|,
10 otherwise
.« J aasin(c) ifx>0and1<i<|,
ai,x) = { 0 otherwise

Each of the functiong, ¢, b, ais computable.
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Universal Functions and Universal Programs

In andgn are primitive recursive

Both functions are primitive recursive since

In(e) = {(e+1),
gn(ej) = afj,e+1).
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Universal Functions and Universal Programs

Computability ofch, andv

Define primitive recursive functions, us, Uy, Vi, Vo, andvs:
u(z) = mwheneverz = (Z(m)) orz= (S(m)):
u(z) =qt(4,2) + 1.
u1(z) = mp anduz(z) = mp wheneverz = (T (my, Mp)):
ui(z) = m(qt4,2) +1,
ux(z) = m(qt(4,2) + 1.
v1(z) = mp andvy(z) = mp andvs(z) = qif z= 5(I(M, My, Q)):

12 = m(m(qt(4,2)) + 1,
2(2) = ma(m(qt(4,2)) + 1,
3(2 = m(qt(4,2) + 1

< < <
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Universal Functions and Universal Programs

Computability ofch, andv

Define primitive recursive functiorzero, succ, andrans:

The change in the configuratiareffected by instructioZ (m):
zero(c,m) = qt(pﬁﬁ)m,c).

The change in the configuratiareffected by instructiors(m):

succ(c, m) = pmC.

The change in the configuratiareffected by instructior (m, n):

tran(c, m, n) = qt(p\™", p&"c).
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Universal Functions and Universal Programs

ch, andv are primitive recursive

zero(c,u(2)), if rm(4,2) =0,
B succ(c, u(z)), if rm(4,2) = 1,
h(©2 = 9 wan(c,ui(2),ua(2), if iM(4.2) =2
(o} if rm(4,z) = 3.
i+1 ifrm(4,z) #3,
V(C,j,Z) = J +1, If rm(4, Z) =3 A (C)Vl(Z) 7& (C)V2(2)>
V3(2), if rm(4,2) =3 A (C)y,(z = (Cv,(z)
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Universal Functions and Universal Programs

Conclusion

We conclude that the functiorts, j,,, on are primitive recursive.

Step 1 Step 2 Step 3 Step 4
cule,7,t) | = | confige,m(c, 5)) | = | In(e) = | a(i,z), l(z), b(i,z), a(i, )
jnle, T,t) next(e, m(c, j)) gn(e, ) U, Uy, Uz, V1, Vg, and vz
on(e, T, 1) ch(c, 2) zero(c, m), succ(c,m), tran(c, m,n)
W(e,).2)
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Universal Functions and Universal Programs

Further Constructions

For eacm > 1, the following predicates are primitive recursive:

1. Sh(e X, y,t) def. Pe(X) L yin t or fewer steps’.

2. Hn(e X, t) gef Pe(x) 4 int or fewer steps’.
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Universal Functions and Universal Programs

Further Constructions

For eacm > 1, the following predicates are primitive recursive:
1. Sn(e X, y,t) def. Pe(X) | yin t or fewer steps’.

2. Hn(e X, t) gef Pe(x) 4 int or fewer steps’.

They are defined by

Sn(e,x,y, t) = jn(ev X, t) =0A (Cn(ev X, t))l =Y,
Hn(e x,t) = j,(ex,t) =0.
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Universal Functions and Universal Programs

Kleene's Normal Form Theorem

Theorem. (Kleene)
There is a primitive recursive functidd(x) and for eacln > 1 a
primitive recursive predicat€(e, x, z) such that

1. 68 (x) is defined if and only iBz Ty (e, X, 2).
2. 68 (x) ~ U(uzTa(e X, 2)).
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Universal Functions and Universal Programs

Kleene's Normal Form Theorem

Theorem. (Kleene)
There is a primitive recursive functidd(x) and for eacln > 1 a
primitive recursive predicat€(e, x, z) such that

1. 68 (x) is defined if and only iBz Ty (e, X, 2).
2. 68 (x) ~ U(uzTa(e X, 2)).

Proof. Let Th(e, X, 2) = Si(e X, (2)1, (2)2). Then (1) is clear.
For (2) letU(x) = (X)1. Then

o0 (x) ~ U(uz.Tn(e X, 2)).
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Universal Functions and Universal Programs

Every computable function can be obtained from a primiteeursive
function by using at most one application of the@perator in a
standard manner.
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Application of the Universal Program
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© Application of the Universal Program
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Application of the Universal Program

Application: Undecidability

Theorem. The problem &y is total’ is undecidable.
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Application of the Universal Program

Application: Undecidability

Theorem. The problem &y is total’ is undecidable.

Proof. If * ¢ is total’ were decidable, then by Church’s Thesis

f(x) = Yu(x,X) + 1, if ¢y is total
10 if ¢y is not total

would be a total computable function that differs from eviatal
computable function.
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Application of the Universal Program

Application: Nonprimitive Total Computable Function

Theorem. There is a total computable function that is not primitive
recursive.
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Application of the Universal Program

Application: Nonprimitive Total Computable Function

Theorem. There is a total computable function that is not primitive
recursive.

Proof.
1. The primitive recursive functions are effectively derarable.

2. Construct a coding of a primitive recursive functidm) one can
effectively calculatep(e) such thatp,e (x) =~ f(X).

3. Buttheng(x) = @y (X) + 1 = u(p(x),X) + 1 is a total
computable function that is not primitive recursive.
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Application of the Universal Program

Proof (1)

b(f; 01,92, - - - ,Om) denotes the function obtained by substituting
O1, -+, gmintof. (f is mary; g aren-ary for somen).

Rec(f, g) denotes the function obtained frdnandg by recursion{ is
n-ary,gis (n+ 2)-ary for somen).

Sdenotes the functiorn + 1
U!" denotes the projection functidt’(Xq, - - - ,Xn) = X.

For each primitive recursive function, we havelanto indicate the
basic functions used and the exact sequence of operatidiasrped.
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Application of the Universal Program

Example:f (x) = x?

g1 = Sub(S U3):

g2 = Rec(Ul; g1):

g3 = Sub(gy; U3, U3):

04 = Rec(0; g3):

f = Sub(gy; UL, UD):

CSC363-Computability Theory@SJTU

01(x,y,2) = US(x,y,2) + 1=2z+1

{ 02(x,0) = U3 (x) =X,
R y+1) =01(X%Y,0(XY) =g(Xy) +1
Soga(x,y) =x+Yy

B(X,Y,2) = Q2(X,2) =X+ 2

{ 94(x,0) =0,
(X y+1) = gs(x,y,94(XY)) = X+ (X y)
Sogu(x,y) =xy

f(X) = ga(x,x) = X2
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Application of the Universal Program

Effective Numbering

Now restrict our attention to plans for unary primitive resiuve
functions. We can number these plans in an effective waynbefi

0, = the unary primitive recursive function
defined by plan number

Since every primitive recursive function is computabl@réhis a total
function p such that for each, p(n) is the number of a program that
computedy.

On = Ppm)-
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Application of the Universal Program

Computability ofp(n)

We know how to obtain a program for the functi®ab(f;gs, - - - , Om)
given programs fof, g1, - - -, Om;

We know how to obtain a program for the functiBac(f, g) given
programs foff, g;

We have explicit programs for the basic functions.

Hence, given a plan for a primitive recursive functiomvolving
intermediate functiongy, - - -, gk, we can effectively find programs
for gi, - - -, Ok and finallyf.

Thus, by Church’s Thesis, there is an effectively compuetéinhction
p such thath = ¢p(n)-
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Application of the Universal Program

Construction of Total Non-Primitive Recursive Function

For every primitive recursive functiofy,, we use a diagonal
construction as follows:

gx) = 6x(x)+1
pr(x) (X) +1
= Yy(p(x),x) +1

g is a total function that is not primitive recursive, lgiis
computable, by the computability gf, andp.
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Effective Operations on Computable Functions

Outline

© Effective Operations on Computable Functions
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Effective Operations on Computable Functions

Application: Effectiveness of Function Operation

Fact. There is a total computable functisfx, y) such that
Ps(xy) = Ox¢y for all x,y.
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Effective Operations on Computable Functions

Application: Effectiveness of Function Operation

Fact. There is a total computable functisfx, y) such that
Ps(xy) = Ox¢y for all x,y.

Proof. Letf(x,Y,2) = ¢x(2)¢y(2) = Yu(X,2)9u (Y, 2).

By S-m-n Theorem there is a total functisfx, y) such that
Ps(xy) (2) ~f(xy,2).
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Effective Operations on Computable Functions

Application: Effectiveness of Set Operation

Fact. There is a total computable functisfx, y) such that
WS(X,y) = WX U Wy.
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Effective Operations on Computable Functions

Application: Effectiveness of Set Operation

Fact. There is a total computable functisfx, y) such that
WS(X,y) = WX U Wy.

Proof. Let

F(xy,2) = 1, ifze Wyorze W,
Y, 2) = undefined otherwise

By S-m-n Theorem there is a total functisfx, y) such that
Psixy) (2) = F(Xy,2). ClearlyWeyy) = Wi U Wy.
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Effective Operations on Computable Functions

Application: Effectiveness of Inversion

Letg(x,y) be a computable function such that

(@) g(x,y) is defined iffy € Ey;

(b) If y € Ey, theng(x,y) € Wy andgx(g(x,y)) =Y. (i.e.,
9(x.y) € o5 ({y})
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Effective Operations on Computable Functions

Application: Effectiveness of Inversion

Letg(x,y) be a computable function such that

(@) g(x,y) is defined iffy € Ey;

(b) If y € Ey, theng(x,y) € Wy andgx(g(x,y)) =Y. (i.e.,
9(x.y) € o5 ({y})

By S-m-n Theorem, there is a total computable funckauch that
9(X,y) = ¢y (y). Then from (a) and (b) we have:

(@) Wik = Ex;

(07) Exxy € Wx;  If y € Ex, thenu(dyp () = V-

Hence if¢y is injective, thenp) = ¢t andEy(x = W
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Effective Operations on Computable Functions

Application: Effectiveness of Recursion

Considerf defined by the following recursion

f(e1,€,%,0) ~ oo (x) ~ ¥}’ (er, ),

and
flenexy+1) =~ oo
(n+2)

quu

(x,y,f(e1,e,X,y))
(€2, %,y,f (€1, €2, X,Y)).

By S-m-n Theorem, there is a total computable functi@, e;) such
that

Ola L 06Y) = f(er, &,%,Y),
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